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Problem Definition

Boolean conjunctive query Q() = Ri(Ui) A -+ A R(Un)

Given input database D, what is the time complexity to compute Q(D)? J

Time expressed in terms of statistics on D.
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Problem Definition

Boolean conjunctive query Q() = Ri(Ui) A -+ A R(Un)

Given input database D, what is the time complexity to compute Q(D)? J

Time expressed in terms of statistics on D.

In this talk:
Combinatorial Algorithms: time O(]|D[**®*(®)) hamis et al., 20163, Kharis et al, 2024c].
Some lower bound techniques [Fan et al., 2023].

Not in this talk:
Using Fast Matrix Multiplication: time O(|D|~-suPw(@))

[Khamis et al., 2024a].
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“Proofs to Algorithms” Paradigm

Assume the algorithm for Q(D) computes several intermediate results.
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“Proofs to Algorithms” Paradigm
Assume the algorithm for Q(D) computes several intermediate results.
o If these intermediate outputs have size B, then the runtime is Q(B)

@ Thus, any algorithm with runtime O(B) is a proof that outputs < B.
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“Proofs to Algorithms” Paradigm

Assume the algorithm for Q(D) computes several intermediate results.
o If these intermediate outputs have size B, then the runtime is Q(B)
@ Thus, any algorithm with runtime O(B) is a proof that outputs < B.

“Proofs to algorithms” paradigm is the converse:

(1) Prove: if D satisfies the given stats, then all outputs have size < B.
(2) Convert this proof into an algorithm for Q(D), with runtime O(B) J
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“Proofs to Algorithms” Paradigm

Assume the algorithm for Q(D) computes several intermediate results.
o If these intermediate outputs have size B, then the runtime is Q(B)
@ Thus, any algorithm with runtime O(B) is a proof that outputs < B.

“Proofs to algorithms” paradigm is the converse:

(1) Prove: if D satisfies the given stats, then all outputs have size < B.
(2) Convert this proof into an algorithm for Q(D), with runtime O(B) J

To prove bounds on the output size: Information Inequalities
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Entropy, Entropic Vectors

Def' n |t|0n ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)
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Entropy, Entropic Vectors

Def' n ition ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)

The entropic vector of nr.v. Xi,..., X, is h = (h(Xa))acps € R
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Entropy, Entropic Vectors

Def' n ition ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)

The entropic vector of nr.v. Xi,..., X, is h = (h(Xa))acps € R
X
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Entropy, Entropic Vectors

Def' n ition ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)

The entropic vector of nr.v. Xi,..., X, is h = (h(Xa))acps € R

XY P

alp| 1/4
alq]| 1/4
b| qg| 1/4
a|m| 1/4
h(XY) = log4
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Entropy, Entropic Vectors

Deﬁ n ition ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)

The entropic vector of nr.v. Xi,..., X, is h = (h(Xa))acps € R

X]Y] »p p Y p g p
alp] 1/4 3/4 p 1/4 1
alq]| 1/4 E 1/4 q 2/4

b| qg| 1/4 m 1/4

a|m| 1/4

h(XY) = log4 h(X) < log2 h(Y) <log3 h(0) =0
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Entropy, Entropic Vectors

Deﬁ n ition ([Shannon, 1948])

The entropy of a r.v. X with domain D is h(X) o > xep P(x) log p(x)

The entropic vector of nr.v. Xi,..., X, is h = (h(Xa))acps € R

X]Y] »p p Y p g p
alp] 1/4 3/4 p 1/4 1
alq]| 1/4 E 1/4 q 2/4

b| qg| 1/4 m 1/4

a|m| 1/4

h(XY) = log4 h(X) < log2 h(Y) <log3 h(0) =0

I = set of entropic vectors (a.k.a. entropic functions)
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Basic Shannon Inequalities

For all sets U,V C {Xi,...,Xn}:
h(®) =0
h(UU V) > h(U) Monotonicity
h(U) + h(V) > h(UU V) + h(UN V) Submodularity
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Basic Shannon Inequalities

For all sets U,V C {Xi,...,Xn}:
h(®) =0
h(UU V) > h(U) Monotonicity
h(U) + h(V) > h(UU V) + h(UN V) Submodularity

Setting h(V|U) oef h(UV) — h(U), the inequalities become:

h(V|U) >0 h(V|U) > h(V|UW)]
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Basic Shannon Inequalities

For all sets U,V C {Xi,...,Xn}:
h(®) =0
h(UU V) > h(U) Monotonicity
h(U) + h(V) > h(UU V) + h(UN V) Submodularity

Setting h(V|U) oef h(UV) — h(U), the inequalities become:

h(V|U) >0 h(V|U) > h(V|UW)]

A Shannon inequality is a consequence of the basic inequalities.
A Polymatroid is a vector h € Ri" that satisfies all Shannon inequalities

I, = set of polymatroids Ccr,
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Example: A Shannon Inequality

Example (Shearer)
h(XY) + h(YZ) + h(XZ) > 2h(XYZ) J
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Example: A Shannon Inequality
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h(XY) + h(YZ) + h(XZ) > 2h(XYZ) J

h(XY) + h(YZ) + h(XZ)
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Example: A Shannon Inequality

Example (Shearer)
h(XY) + h(YZ) + h(XZ) > 2h(XYZ) J

h(XY) + h(YZ) + h(XZ)
> h(XYZ)+ h(Y) + h(XZ)
> 2h(XYZ) + h(D)
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Example: A Shannon Inequality

Example (Shearer)
h(XY) + h(YZ) + h(XZ) > 2h(XYZ) J

h(XY) + h(YZ) + h(XZ)
> h(XYZ)+ h(Y) + h(XZ)
> 2h(XYZ) + h(D)
= 2h(XYZ)
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History of Information Inequalities

@ Shannon inequality: one satisfied by all polymatroids I',,
Information inequality:! one satisfied by all entropic vectors I

@ Pippenger [pippenger, 10851: Are Shannon inequalities complete?
Breakthrough (zhang and Yeung, 100812 NO for n > 4. It follows '} C I,.

@ [} is not convex; '} is convex [veung, 2008], but is not a polytope [Matis, 2007].

@ The characterization of T* is open to date.

'A k.a. entropic inequality
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Output Size Bounds

Dan Suciu Query Evaluation FAMT 2025 9/34



Upper Bounds on the Output Size

Full CQ: Q(X) = Ry(U1) A+ A Run(Un)

Given statistics Stats, compute B e maxp.pistars @(| D). J

2
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Upper Bounds on the Output Size

Full CQ: Q(X) = Ry(U1) A+ A Run(Un)

Given statistics Stats, compute B e maxp.pistars @(| D). J

e Cardinality constraints 2 |R| < N: h(XYZ) < 'log N

?Assume R is ternary, R(XYZ).
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Upper Bounds on the Output Size

Full CQ: Q(X) = Ry(U1) A+ A Run(Un)

Given statistics Stats, compute B e maxp.pistars @(| D). J
e Cardinality constraints 2 |R| < N: h(XYZ) < 'log N
e Functional dependency X — Y: h(Y|X)=0
@ Degree constraint || degr(YZ|X)||o < P: ‘h(YZ|X) <log P

?Assume R is ternary, R(XYZ).
Dan Suciu Query Evaluation FAMT 2025 10/34



Overview Output Bounds Proofs to Algorithms

[o] ele]ele]

Upper Bounds on the Output Size

Full CQ: Q(X) = Ry(U1) A+ A Run(Un)

: - def
Given statistics Stats, compute B = maxp.pistars @(| D).

Summary

e Cardinality constraints 2 |R| < N:
@ Functional dependency X — Y:
@ Degree constraint || degr(YZ|X)||o < P:

o (,-constraint || degp(YZ|X)||, < S:

h(XYZ) < log N

h(Y|X)=0

|h(YZ|X) < log P

1
Lh(X) + h(YZ|X) < log S

?Assume R is ternary, R(XYZ).
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Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
IRl < N1, |S] < No, | T| < N3,
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Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
IRl < N1, |S] < No, | T| < N3,

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J
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Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
IRl < N1, |S] < No, | T| < N3,

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J

Let p: Qa(D) — [0, 1] be uniform and h its entropy.

Dan Suciu Query Evaluation FAMT 2025 11/34



Output Bounds Proofs to Algorithms °A A _ower Bounds

Summar
[o]e] le]ele] [©]

Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
|R| < Ny, |S] < No, | T| < Ns.

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J

Let p: Qa(D) — [0, 1] be uniform and h its entropy.

log N1 + log N + log N3 > h(XY) + h(YZ) + h(XZ)
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Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
|R| < Ny, |S] < No, | T| < Ns.

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J

Let p: Qa(D) — [0, 1] be uniform and h its entropy.

log N1 + log N + log N3 > h(XY) + h(YZ) + h(XZ)

>2h(XYZ)
R 2 YR
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Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
|R| < Ny, |S] < No, | T| < Ns.

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J

Let p: Qa(D) — [0, 1] be uniform and h its entropy.

log Ny + log N + log N3 > h(XY) + h(YZ) + h(XZ)
>2h(XYZ) = 2log |Q(D)]
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Example

Full CQ: Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
|R| < Ny, |S] < No, | T| < Ns.

EXample ([Chung et al., 1986] [Grohe and Marx, 2014] [Atserias et al., 2013])
1
|Qa(D)| < (N1 - Nz - N3)2 J

Let p: Qa(D) — [0, 1] be uniform and h its entropy.
log N1 + log No + log N > h(XY) + h(YZ) + h(XZ)
>2h(XYZ) = 2log |Q(D)|
Other inequalities exists, e.g. |Qa| < Ny - No.
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The Polymatroid Bound

Full CQ Q(X), statistics Stats.

The polymatroid bound is:  b(Q, Stats) e MaXper, hi=stats N(X) J

Fact: if D = Stats, then |Q(D)| < 2b(Q,Stats)

Equal to the best bound one can derive using inequalities (by strong
duality).
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Example Revisited
Qa(XYZ) = R(XY) A S(YZ) A T(ZX)

b(Q,Stats) can be computed in one of two ways
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Example Revisited
Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
b(Q,Stats) can be computed in one of two ways

Primal program:
Maximize h(XYZ) where

H(XY) < log [Ny
h(YZ) < log N
h(XZ) < log ||
h e I3
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Example Revisited
Qa(XYZ) = R(XY) A S(YZ) A T(ZX)
b(Q,Stats) can be computed in one of two ways

Primal program:
Maximize h(XYZ) where | Dual program:
Minimize
wy log [Ni| 4 wo log | No| + ws log [ V3|

h(XY) < log ||

h(YZ) < log |Ns| where wy, wyo, w3 > 0 s.t. Vh € I3:
Z(XZ ) < log |3 wih(XY) + wah(YZ) + wsh(XZ) > h(XYZ)
el
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Short History of Output Size Bounds

AGM bound [Atserias et al., 2013]

Add FDS [Gottlob et al., 2012, Khamis et al., 2016b, Gogacz and Torunczyk, 2017, Ngo, 2022]

Add max degrees [khamis et al., 2017].

Add degree S€QUENCES [Deeds et al., 2023a, Deeds et al., 2023b, Khamis et al., 2024b, Zhang et al., 2025]
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Short History of Output Size Bounds

AGM bound [Atserias et al., 2013]
1Qal < (IRI - IS+ |T|)"/?

Add FDS [Gottlob et al., 2012, Khamis et al., 2016b, Gogacz and Torunczyk, 2017, Ngo, 2022]

Add max degrees [khamis et al., 2017].

Add degree S€QUENCES [Deeds et al., 2023a, Deeds et al., 2023b, Khamis et al., 2024b, Zhang et al., 2025]
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Short History of Output Size Bounds

AGM bound [Atserias et al., 2013]
1Qal < (IRI - IS+ |T|)"/?

Add FDS [Gottlob et al., 2012, Khamis et al., 2016b, Gogacz and Torunczyk, 2017, Ngo, 2022]

|Qal < |R| when S.Y is a key

Add max degrees [khamis et al., 2017].
|Qal < |R| - [| degs(Z]Y)]]oo

Add degree S€QUENCES [Deeds et al., 2023a, Deeds et al., 2023b, Khamis et al., 2024b, Zhang et al., 2025]
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Short History of Output Size Bounds

AGM bound [Atserias et al., 2013]
1Qal < (IRI - IS+ |T|)"/?

Add FDS [Gottlob et al., 2012, Khamis et al., 2016b, Gogacz and Torunczyk, 2017, Ngo, 2022]

|Qal < |R| when S.Y is a key

Add max degrees [khamis et al., 2017].
|Qal < |R| - [| degs(Z]Y)]]oo

Add degree S€QUENCES [Deeds et al., 2023a, Deeds et al., 2023b, Khamis et al., 2024b, Zhang et al., 2025]

1/3
|Qal < (|[degr(Y|X)| - [ldegs(Z|Y)[3 - lldegr(X|2)[ )"

Dan Suciu Query Evaluation FAMT 2025 14 /34



Output Bounds Proofs to Algorithms PANDA ounds Summar

00000e

Short History of Output Size Bounds

AGM bound [Atserias et al., 2013]
1Qal < (IRI - IS+ |T|)"/?

Add FDS [Gottlob et al., 2012, Khamis et al., 2016b, Gogacz and Torunczyk, 2017, Ngo, 2022]

|Qal < |R| when S.Y is a key

Add max degrees [khamis et al., 2017].
|Qal < |R| - [| degs(Z]Y)]]oo

Add degree S€QUENCES [Deeds et al., 2023a, Deeds et al., 2023b, Khamis et al., 2024b, Zhang et al., 2025]

1/3

1Qal < (|[degr(YIX)I13 - Ildegs(Z|Y)|3 - ||degr(X|2)|13)"
1/6

1Qal < (||degr(Y[X)|3 - |ldegs(Y12)I3 - | TI5)"
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Data Partitioning: Example

Example

Qa(XYZ) = R(XY) A S(YZ) A T(2X), |Qa| < (N1N2N3)%J
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Data Partitioning: Example

Example

Qa(XYZ) = R(XY) A S(YZ) A T(2X), |Qa| < (N1N2N3)%J

h(XY) + h(YZ) + h(XZ)
I

+

h(XY) 4 h(Z|Y)  h(Y)+ h(XZ)

> h(g(YZ) > h()l(YZ)
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Data Partitioning: Example

Example
Qa(XYZ) = R(XY) A S(YZ) A T(ZX), |Qal < (N1N2N3)3J
h(XY) + h(YZ) + h(XZ) R(XY) = S(TZ) x T(XZ)
! U
h(XY) +‘ h(Z]Y)  h(Y) +‘ h(XZ) R(XY) % Signt(Z]Y)  Sheany(Y) x T(XZ)
> h(XYZ) > h(XYZ) = nghl(XYZ) = Qheav‘y(XYZ)
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Example

Qa(XYZ) = R(XY) A S(YZ) A T(ZX),

Summar

|Qal < (NlNzNg)%J

h(XY) + h(YZ) + h(XZ)
i
h(XY) 4 h(Z|Y)  h(Y)+ h(XZ)

> h(g(YZ) > h()‘(YZ)

R(XY) x S(YZ) x T(XZ)
\
U

R(XY) x Siight(Z]Y)

The light/heavy thresholds are given by h*:

Light:

Heavy:

\ \
= Qight(XYZ)

sheavy( Y) X T(XZ)

= Qheavy(XYZ)

|| degslight(z| Y)HOO S 2h*(Z|Y)
|5heavy(y)| < 2h*(y)

Dan Suciu Query Evaluation

FAMT 2025
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Data Partitioning

Theorem ([Khamis et al, 2024:])
Q(D) can be computed in time O(22(?:512%)) by data partitioning &joins.J

e Light/heavy with threshold h*(Z]Y):

We can only use this partitioning when inequality is divergent:
i.e. a sum of two inequalities each with h(Y') and h(Z|Y') respectively.

Dan Suciu Query Evaluation FAMT 2025 17 /34
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Data Partitioning

Theorem ([Khamis et al, 2024:])
Q(D) can be computed in time O(22(?:512%)) by data partitioning &joins.J

e Light/heavy with threshold h*(Z]Y):

We can only use this partitioning when inequality is divergent:
i.e. a sum of two inequalities each with h(Y') and h(Z|Y') respectively.

@ Uniformization partition into log N buckets
Bucket i holds tuples with degg(Z]y) € [2/71,21].

Repeated uniformizations lead to poly-log factor.
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PANDA

Proof-Assisted eNtropic Degree-Aware
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The Fractional Tree Width

Boolean CQ Q() = A; R(U))

Denote a tree decomposition by T = (T, x)

Fractional tree width |ftw(Q) def MiNT MaXp—stats MaX¢enodes(T) N(X (1))

(w)
@ Theorem ([Grohe and Marx, 2014, Khamis et al., 20163])
Q(D) can be computed in time O(2ft1Q.5tats))

Gy )
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The Submodular Width

def .
ftW(Q7 Stats) = MINT MaXpl=Stats MaAXteNodes(T) h(X(t))

Marx [marx, 2013 defines the submodular width using all tree decompositions:

SUbW(Qa Stats) d:ef MaXpi=Stats mint MaX¢eNodes(T) h(X(t))

Dan Suciu Query Evaluation FAMT 2025 20/34
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The Submodular Width

def .
ftW(Q7 Stats) = MINT MaXpl=Stats MaAXteNodes(T) h(X(t))

Marx [marx, 2013 defines the submodular width using all tree decompositions:

SUbW(Q? Stats) d:ef MaXpi=Stats mint MaX¢eNodes(T) h(X(t))

Theorem ([Khamis et al., 2016a, Khamis et al., 2024(:]) J

PANDA computes a Boolean query Q in time O(254bM@.5tat9))

Key technique: disjunctive datalog rules & data partitioning
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Disjunctive Datalog Rules

A Disjunctive Datalog Rule, DDR, is:

2 Ql(Vl)v eV Qk(Vk) — Rl(Ul) VANRERIA Rm(Um)
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PANDA

Bounds Proofs to Algorithms

Disjunctive Datalog Rules

A Disjunctive Datalog Rule, DDR, is:

0O00@000

Lo

ounds

2 Ql(Vl)v eV Qk(Vk) — Rl(Ul) A A Rm(Um)

Summar

A model is a tuple of relations ¥ = (Qq, ..., Qx) that satisfies the rule.

Its size is ||X|| = max; | Q;l.
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Disjunctive Datalog Rules

A Disjunctive Datalog Rule, DDR, is:

2 Ql(Vl)v eV Qk(Vk) — Rl(Ul) A A Rm(Um)

A model is a tuple of relations ¥ = (Qq, ..., Qx) that satisfies the rule.

Its size is ||X|| = max; | Q;l.

Examples:
Q(XZ) +R(XY)ANS(YZ)
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Disjunctive Datalog Rules

A Disjunctive Datalog Rule, DDR, is:

2 Ql(Vl)v eV Qk(Vk) — Rl(Ul) A A Rm(Um)

A model is a tuple of relations ¥ = (Qq, ..., Qx) that satisfies the rule.
Its size is ||X|| = max; | Q;l.
Examples:

Q(XZ) +R(XY) A S(YZ)
A(X)V B(Y) <R(XY)
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0O00@000

Disjunctive Datalog Rules

A Disjunctive Datalog Rule, DDR, is:

2 Ql(Vl) VeV Qk(Vk) — R1(U1) A A Rm(Um)

A model is a tuple of relations ¥ = (Qq, ..., Qx) that satisfies the rule.
Its size is ||X|| = max; | Q;l.
Examples:

Q(XZ) —R(XY) A S(YZ)
A(X)V B(Y) <R(XY)
A(XYZ)V B(YZU) <R(XY) A S(YZ) A T(ZU)
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Upper Bound and Algorithm for a DDR

P Ql(vl)\/~--\/Qk(Vk)<—Rl(Ul)/\"'/\Rm(Um)

Polymatroid bound | b(X, Stats) def MaXper, hi=Stats MN(A(V1), ..., h(Vk))

A linear optimization problem which has a matching Shannon inequality.

Theorem ([Khamis et al., 2024c])
Imodel T of size < 2b(%:5%3%5) - jt can be computed in time O(2b(-5tt)) J
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PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)
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PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)

b Stats) = i h(v(t
subw(Q, Stats) = max . min . max  h(x(1)

Dan Suciu Query Evaluation FAMT 2025 23 /34



PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)

b t
st W(Q,Stats) hgsat)a(ts Te{%!n,n} teNEEie)s((T) (X( ))
= max max (min(h(x1(t1)), .-, h(xk(tk))))

t1 €Nodes(Ty1),...,tkENodes( Ty) hj=Stats
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PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)

b = [ h(x(t
> W(Q,Stats) h|r:n5at§ts Te{?’]!n,Tk}teNrogzi(( (X( ))
= max max (min(h(x1(t1)), -, h(xk(t))))

tleNodes(Tl), .,tyENodes( Tx) hi=Stats

b(X,Stats)
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0000000

PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)

subw(Q, Stats) = h|r:n5at§ts Te{?‘}!n,Tk} tGNroT:iz)s(( h(x(t)
= h(x1(t ,h t
tleNodes(Tl), a,)tEkENodes(Tk) hgsixt (mm( (Xl( 1)) (Xk( k))))
b(Z:Sr'cats)
DDR: > Bl(X(tl)) VARV Bk(X(tk)) — Rl(Ul) VANERRIVA Rm(Um)
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0000000

PANDA
Boolean CQ | Q() = Ri(U1) A -+ A Rm(Um)

SUbW(Q7 Stats) - h|r:nSat§ts Te{?‘}!n,Tk} tGNroT:iz)s(( h(X(t))
= h(xa(t ,h t
tleNodes(Tl), a,)tEkENodes(Tk) hgsatxt (mm( (Xl( 1)) (Xk( k))))
b(Z:Sr'cats)
DDR: > Bl(X(tl)) VARV Bk(X(tk)) — Rl(Ul) VANERRIVA Rm(Um)

Compute bags By, ..., B, in time O(2b6(%5%2%9)) repeat for all (ty,.. ., ty).

Run Yannakakis' algorithm on each tree T;. Runtime: O(25ubW(Q:5tats))
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PANDA: Discussion
Positives:
o Runtime O(25ubW)
@ Steps of the algorithm entirely guided by solving an LP system.

@ Generalizes to w-subw [Khamis et al., 2024a].
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PANDA: Discussion
Positives:
o Runtime O(25ubW)
@ Steps of the algorithm entirely guided by solving an LP system.
@ Generalizes to w-subw [Khamis et al., 2024a].
Negatives:
@ Polylog factor. But is it needed???
o Computing subw is really hard!!

@ Counting queries, sum-products: require restriction [khamis et al., 2019]
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O@0000

Overview

Is O(25""™) optimal? Two questions:

@ Is the polymatroid bound of a full CQ tight?

@ Do some accepted hypothesis imply a runtime of Q(254P")?

Neither question has a definitive answer, but we have some insights.
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Output Bounds Pr

Types of Polymatroids

Polymatroids with n variables X:

Polymatroids I',,;: Shannon inequalities

Almost entropic T%:  closure of I'*

Entropic I';:  joint random variables

Normal N,:  h(U) = p(f(U)) where
Set function: f: X — 29
Set measure: 11 : Q = R,

e Modular M,;: Q= X, f = identity.

Dan Suciu Query Evaluation
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Examples

XYZ h=9
— | e
XYh=5 XZn=s  YZr=7

X h=2 Y h=3 Zh=4
—_
@h=0

X Y

4 Z

Modular M3
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Lower Bounds
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Examples
XYZ h=9 XYZ h=5
e || e T
XYh=5 XZh=6 YZh=7 XYh=3 XZh=4  Y7h=5
X h=2 Y h=3 Zn=4 X h=2 Y h=3 Zh=4
N
@h=0
X Y
4 Z
Modular M3 Normal N3
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O [e]e]e] lele)
Examples
XYZ h=9 XYZ h=5 XYZ h=2
_— e — | e

XYh=5 XZh=6  YZh=7 XYh=3 XZh=4  YZh=5 XYh=2 XZh=2  YZh=2

X h=2 Y h=3 Zh=4 X h=2 Y h=3 Zh=4 X h=1 Y h=1 Zh=1
—_
@h=0

X Y

4 Z

Modular M5 Normal N3 Entropic '3
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[e]e]ele] Jeo]

Tightness of the Polymatroid Bound for Full CQ

e Cardinality stats: h* € M, and the AGM bound is tight.
D s.t. |Q(D)| > %AGM(Q) [Atserias et al., 2013]

o Add FDs: there is a query for which h* € T, — T%. Not tight.

[Khamis et al., 2017, Gogacz and Torunczyk, 2017, Suciu, 2023]

@ Add “simple” degree constraints: h* € N,: bound is tight.
D, |Q(D)| > 22,,1712/7*()() [Khamis et al., 2021, Suciu, 2023]:
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000000

Lower Bounds (ran et al, 2003

Conjecture (Boolean Clique Conjecture)
Ve > 0, no algorithm can check for a k-clique in time O(n'~%). J

311 is a constant function and (1) Vw € Q, {Z | w € f(Z)} is connected in Q, (2)
Ywi, w2 € Q, 3j, Y1, Y2 € Uj sit. wj € £(Yi), i =1,2.
TR
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[e]e]ele]e]

LOWGI’ BOundS [Fan et al., 2023]

Conjecture (Boolean Clique Conjecture)

Ve > 0, no algorithm can check for a k-clique in time O(n'~%). J

Boolean CQ Q() = A; R;j(U;))

An embedding of Q is h = p o f, satisfying some syntactic conditions3

Embedding power: |emb(Q) def subw(Q)-restricted to an embedding

311 is a constant function and (1) Vw € Q, {Z | w € f(Z)} is connected in Q, (2)
Vwi,we € Q, 3j, Y1, Yo € Uy sit. wi € F(Y)), i=1,2.
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[e]e]ele]e]

LOWGI’ BOundS [Fan et al., 2023]

Conjecture (Boolean Clique Conjecture) J

Ve > 0, no algorithm can check for a k-clique in time O(n'~%).

Boolean CQ Q() = A; R;j(U;))

An embedding of Q is h = p o f, satisfying some syntactic conditions3

Embedding power: |emb(Q) def subw(Q)-restricted to an embedding

Theorem ([Fan et al., 2023])
Ve > 0, no algorithm can compute Q(D) in time O(2mXQ)(1=2)), J

311 is a constant function and (1) Vw € Q, {Z | w € f(Z)} is connected in Q, (2)
Vwr,we € Q, 3, IV, Y2 € Uy st wi € £(Y)), i=1,2.
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Discussion

Combinatorial Algorithms: Q(D) can be computed in time O(25Ub")

@ Proofs to algorithms, Disjunctive Datalog Rules

Open problem Characterize divergent inequalities.

@ Lower bounds: embeddings [Fan et al., 2023]; circuit lower bounds [Fan et al., 2024,
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Discussion

Combinatorial Algorithms: Q(D) can be computed in time O(25Ub")

@ Proofs to algorithms, Disjunctive Datalog Rules

Open problem Characterize divergent inequalities.
@ Lower bounds: embeddings [Fan et al., 2023]; circuit lower bounds [Fan et al., 2024,
Using FMM: Q(D) can be computed in time O(2%75U%) (namis et al 2020a].
e Triangle: O(Nu%}l)
e 4-Clique: O(NWTH)
@ 4-Cycle: O(N%)

- _ 2
o k-pyramid: O(N>~“G—D-%3 ) new result
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ry(U1) A+ A Rn(Upm),

Statistics are cardinality constraints: |R;j| < N;, j =1, m.

Fix any fractional edge cover wy, ..., wp.

Theorem (The AGM Bound jasserias et al., 2013))
If D satisfies the cardinality constraints, then |Q(D)| < IT; |N;[". J

We will prove the AGM bound, then derive an algorithm from its proof.
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ri(U1) A -+ - A Rm(Up), frac. edge cover wi,. .., wp.

Shearer’s Inequality: >_; w;h(U;) > h(X) J
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ri(U1) A -+ A Rn(Un), frac. edge cover wy,.

ey W

Shearer’s Inequality: >_; w;h(U;) > h(X)

If X1 € Uj, h(U;) = h(X1) + h(Uj1X1);  If X1 & Uj, h(U;) > h(U;|X1).
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ri(U1) A -+ A Rn(Un), frac. edge cover wy,.

ey W

Shearer’s Inequality: >_; w;h(U;) > h(X)

If X1 € Uj, h(U;) = h(X1) + h(Uj1X1);  If X1 & Uj, h(U;) > h(U;|X1).

> wih(Uj) = (3jx cu; W) (X) + 225 wih(Uj| Xa) = h(X1) + h(X[X1) = h(X
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ri(U1) A -+ - A Rm(Up), frac. edge cover wi,. .., wp.

Shearer’s Inequality: >_; w;h(U;) > h(X) J

If X1 € U, h(U;) = h(X1) + h(Ui|1X1); I Xy & U;, h(U;) > h(Uj| ).
> wih(Uj) > (X j.x ey, wi)h(X1) + 225 wih(Uj| X1) = h(X1) + h(X|X1) = h(X

Generic Join
for x; € Dom(X1)

compute Q[X|X1 := x1]

Runtime: O(HJ |Rj[")
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For-Loops and the AGM Bound
Full CQ: Q(X) = Ri(U1) A -+ - A Rm(Up), frac. edge cover wi,. .., wp.

Shearer’s Inequality: >_; w;h(U;) > h(X) J

If X1 € U, h(U;) = h(X1) + h(Ui|1X1); I Xy & U;, h(U;) > h(Uj| ).

> wih(Uj) = (3jx cu; W) (X) + 225 wih(Uj| Xa) = h(X1) + h(X[X1) = h(X

Generic Join Eg Qa(XYZ) = R(XY) A S(YZ) A T(2X):
for x; € Dom(X1) for x € RIX] N TX]
compute Q[X|X1 := x1] for y € R[Y|x] N S[Y]
for z € S[Z|y] N T[Z|x]
Runtime: O(HJ |R;|") output(x, y, )
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Example: Detect 4-Cycle in Time O(N3?) por e, 191
Q0) = RIXY) A S(YZ) A T(ZU) A K(UX)

Cardinality constraints |R|, |S|,|T|,|K| < N.
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Q() = R(XY) A S(YZ) A T(ZU) A K(UX) B,(XYZ) B{YZU)
Cardinality constraints |R|,|S|,|T|,|K| < N.
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Example: Detect 4-Cycle in Time O(N3?) por e, 191

Q() = R(XY) A S(YZ) A T(ZU) A K(UX) B,(XYZ) B{YZU)
Cardinality constraints |R|,|S|,|T|,|K| < N.

B/ZUX) B{UXY)
Claim: subw(Q) = 3/2
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Cardinality constraints |R|,|S|,|T|,|K| < N.
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Example: Detect 4-Cycle in Time O(N3?) por e, 191

Q() = R(XY) A S(YZ) A T(ZU) A K(UX) B,(XYZ) B{YZU)
Cardinality constraints |R|,|S|,|T|,|K| < N.
B/ZUX) B{UXY)
Claim: subw(Q) = 3/2
32

2 min(h(XYZ), h(YZU))
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Example: Detect 4-Cycle in Time O(N3?) por e, 191

Q() = R(XY)ANS(YZ) AN T(ZU) AN K(UX)
Cardinality constraints |R|,|S|,|T|,|K| < N.

Claim: subw(Q) = 3/2

3 >h(XY) + h(YZ) + h(ZU) = h(XY) + h(Z|Y) + h(Y) + h(ZU)

h(XYZ) + h(YZU) > 2min(h(XYZ), h(YZU))

vV v
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Example: Detect 4-Cycle in Time O(N3?) por e, 191

Q() = R(XY)ANS(YZ) AN T(ZU) AN K(UX)
Cardinality constraints |R|,|S|,|T|,|K| < N.

Claim: subw(Q) = 3/2

3 >h(XY) + h(YZ) + h(ZU) = h(XY) + h(Z|Y) + h(Y) + h(ZU)

>
>h(XYZ) + h(YZU) > 2min(h(XYZ), h(YZU))

Bi(XYZ) v B3(YZU) « R(XY) A S(YZ) A T(ZU)
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Example: Detect 4-Cycle in Time O(N3?) por e, 191

Q() = R(XY)ANS(YZ) AN T(ZU) AN K(UX)
Cardinality constraints |R|,|S|,|T|,|K| < N.

Claim: subw(Q) = 3/2

3 >h(XY) + h(YZ) + h(ZU) = h(XY) + h(Z|Y) + h(Y) + h(ZU)

h(XYZ) + h(YZU) > 2min(h(XYZ), h(YZU))

vV v

Bi(XYZ) v B3(YZU) « R(XY) A S(YZ) A T(ZU)

Compute in time O(N3/?) (light/heavy), repeat for 4 DDRs.

Dan Suciu Query Evaluation FAMT 2025 34 /34



	Overview
	Information Inequalities
	Output Bounds
	Proofs to Algorithms
	PANDA
	Lower Bounds
	Summary
	Appendix

