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e Captures transitivity of via R, equivalence relations via (R + R)*, composition and more.

e Built-in support for regular path queries.

e Due to the presence of N we generalize GF with conjunction of transitive guards.

Theorem (under submission with E. Kieronski)
The satisfiability problem for RGF is 2EXPTIME-complete.
Proof idea: solve RGF? via a reduction to ICPDL and lift it to the full RGF via a fusion.

Theorem (under submission with E. Kieronski)
Finite&Unrestricted Conjunctive Query Entailment Problems is undecidable for a tiny fragment of RGF.
Significantly improves prior results by Gottlob&Pieris& Tendera from ICALP 2013.
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Atomic One-Types and Two-Types

maximal satisfiable conjunction of o-literals involving x;. (o)
maximal satisfiable conjunction of o-literals involving x1, xo.  (3,)
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Intuition: 1-types are colours of elements, and 2-types are colours of edges.

Bartosz “Bart” Bednarczyk Guarded Fragments Meet Dynamic Logic

6/ 9



Technical Toolkit (for the two-variable case)

We say that ¢ € RGF? is in Scott’s normal form if it is a conjunction of:

o Vxi\(x1) [the general universal conjunct]
o Vx17i(x1) = I Vi(xix) A Yi(x1x2) [370-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO-conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"&-conjuncts]
o Vx1Vxo mi(x1x2) = di(x1x0), [V"e-conjuncts]

where all 7r; are RPQ with N, and all other formulae are quantifier-free and over ofg.

Atomic One-Types and Two-Types
e 1-type over ¢ = maximal satisfiable conjunction of o-literals involving x;. ()
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where all 7r; are RPQ with N, and all other formulae are quantifier-free and over ofg.

Atomic One-Types and Two-Types
e 1-type over ¢ = maximal satisfiable conjunction of o-literals involving x;. ()

e J-type over 0 = maximal satisfiable conjunction of o-literals involving xq, x>. (8,)

Intuition: 1-types are colours of elements, and 2-types are colours of edges.

Note: Given ¢ we have |a,| € O(21¥)) but |3, € 0(22“0‘) [reason: arbitrary arity symbols!].

Usually we rephrase satisfiaction of ¢ in terms of realizable types.
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L \V/X1>\(X1)

Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [EIFO—conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.
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o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF* to ICPDL.
Take . If satisfiable, ¢ has a model realizing at most exponentially many 2-types.
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF* to ICPDL.
Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:

Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary I3, per each 2-type 3 from 3, restricted to ofo
Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx1 v(x1) — Ixo m(x1%0) A ¢(x1x2) —
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx; y(x1) = Ixo m(x1x2) A d(x1x2) > [%] <V04:7 Uq = (T NUgg B@.T)
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx; y(x1) = Ixo m(x1x2) A d(x1x2) > [%] <\/04:7 Uq = (T NUgg B5>.T)
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx; y(x1) = Ixo m(x1x2) A d(x1x2) > [%] <\/04:7 Uq = (T NUgg B5>.T)
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx; y(x1) = Ixo m(x1x2) A d(x1x2) > [%] <\/04:7 Uq = (T NUgg B5>.T)
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o Vxi\(x1) [the general universal conjunct]

o Vx; 1i(x1) = Ixo Vi(x1x0) A Vi(x1x2) [37O-conjuncts]
o Vx1Vxo ni(x1x0) — wi(x1x0) [VFO—conjuncts]
o Vx17i(x1) — I mi(x1x2) A di(x1x2) [3"8-conjuncts]
o Vx1Vxo mi(x1x2) — di(x1x0), [V"&-conjuncts]

where all 7; are RPQ with N, and all other formulae are quantifier-free and over ofg.

From RGF? to ICPDL.

Take . If satisfiable, v has a model realizing at most exponentially many 2-types. Our vocabulary contains:
1. Fresh unary U, per each 1-type o from cx,.

2. Fresh binary B3, per each 2-type 3 from 3, restricted to ofo + all binary predicates in ., from .
Translation almost easy, e.g. Vx; y(x1) = Ixo m(x1x2) A d(x1x2) > [%] <\/04:7 Uq = (T NUgg B5>.T)
Main challenge: ensure the assignment of missing 2-types.
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From the Two-Variable Case to the General Case (Many details omitted)
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
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Step II: Construct ¢, in RGF? and ©cr in GF as follows:
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:

e ¢ contains all 37 and V" conjuncts of .
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .

® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ¢ in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.

e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.
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Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!
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Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
o Take models 2 = ¢reg and A = pgr.
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
o Take models 2 = ¢reg and A = pgr.

e Equilize their domains by Léwenheim Skolem (w.l.o.g. to Ny).
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
o Take models 2 = ¢reg and A = pgr.

e Equilize their domains by Léwenheim Skolem (w.l.o.g. to Ny).

e We next ensure that for each 1-type v in v,
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e cr contains all 379 and V"© conjuncts of .
® .., contains all 5" and V" conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
o Take models 2 = ¢reg and A = pgr.

e Equilize their domains by Léwenheim Skolem (w.l.o.g. to Ny).

e We next ensure that for each 1-type v in v,

#a in 2 is equal to #a in ‘5.
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e ¢ contains all 37 and V" conjuncts of .
® ., contains all 4" and V& conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion
o Take models 2 = ¢reg and A = pgr.

e Equilize their domains by Léwenheim Skolem (w.l.o.g. to Ny).
e We next ensure that for each 1-type v in v,
#a in 2 is equal to #a in ‘5.

e Form a two-dimensional grid €. Each row (column) isomorphic to 2 (B).

O O O O O
O O O O O
O O O O O
O O O O O
O O O O O
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e ¢ contains all 37 and V" conjuncts of .
® ., contains all 4" and V& conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion O O O O O
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From the Two-Variable Case to the General Case (Many details omitted)
Step I: Transform your input ¢ in RGF to Scott's normal form.
Step II: Construct ¢, in RGF? and ©cr in GF as follows:
e ¢ contains all 37 and V" conjuncts of .
® ., contains all 4" and V& conjuncts of ¢ and the two-variable versions of 37O and VO conjuncts.
e Synchronization: require that models of ¢y, and pro realize the same sets of 1-types and 2-types.

Step Ill: Test both g and @gr for satisfiability (this gives the right upper bound). Viola!

Correctness Proof: The Fusion O O O O O
Tak dels A reg and 2 .
o Take models A |= ¢reg and A = pgr elelslele
e Equilize their domains by Léwenheim Skolem (w.l.o.g. to Ny).
_ O O O O O
e We next ensure that for each 1-type v in v,
#a in 2 is equal to #a in ‘5. 2leleje)e
O O O O O

e Form a two-dimensional grid €. Each row (column) isomorphic to 2 (B).
e C is almost a model of ¢, but some elements may miss witnesses for 3"%-conjuncts.

e Provide them with a circular-witnessing-scheme a la Gradel & Kolaitis & Vardi.
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Theorem (under submission with E. Kieronski)
There exists an EXPSPACE-complete sublogic of RGF[-*, -*].

Combines ideas from the fluted fragment and one-way guards.

Questions?
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